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Patterson Function Interpretation for Molecules Containing Planar Groups

By P. TorrLin* AND W. CoCHRAN

Crystallographic Laboratory, Cavendish Laboratory, Cambridge, England
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A procedure for interpreting the Patterson function of a molecular crystal which contains planar
groups of atoms is described, and has been programmed for EDSAC II. Examples of its practical
use for structure determination are mentioned. The possibility of more general application of a
similar ‘sum function’ method is discussed, and such methods are compared with a ‘minimum
function’ method originated by Nordman & Nakatsu.

1. Introduction

At the beginning of the determination of the structure
of a molecular crystal a good deal is often known
about the arrangement in space of constituent groups
of atoms. This information can obviously be useful
in interpreting the Patterson function. Nordman &
Nakatsu (1963) have recently described a procedure
in which three programs for an IBM 7090 computer
are employed in sequence to determine the angular
orientation of a rigid group of known internal
geometry, the location of this group (in its known
orientation) relative to symmetry-related groups in
the same unit cell, and finally the determination of
the positions of the remaining atoms of the molecule.
Their method makes extensive use of the minimum
function (Buerger, 1959). We have independently
devised a Patterson-interpretation program which is
less general in that it can be used only when a con-
siderable proportion of the atoms of the molecule
lie in a plane. A preliminary account of this method
has already been given at the Munich Symposium
(Tollin, 1962). This method is inherently simpler since
only a two-dimensional function has to be evaluated
in the first stage of the procedure, and because it
is based on a sum funection rather than a minimum
function it does not require storage in the computer
of the complete Patterson function at any stage,
but can be evaluated as a Fourier series. The method
has been programmed for EDSAC II. In § 3 we discuss
the possibility of its extension to non-planar groups.

2. Description of the method

The orientation of the planar group is described by
0, ¢, the spherical polar angles which define the
normal to the group with respect to the crystal axes,
and o, the azimuthal angle which defines the orienta-
tion of a line in the group with respect to a reference
line in the plane.

Obviously the vectors between atoms of the group
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lie in a parallel plane through the origin of the Patter-
son function. If a disc whose radius is not much greater
than the maximum dimension of the molecule is
placed with its centre at the origin, then the integral
of the Patterson function over the surface of the disc
will have a large, and in favourable circumstances
a maximum, value when 0, ¢ of the disc coincide with
0, @ of the planar group. Writing the Patterson func-
tion as
P(r) = X |F(h)|2 cos 2zth.r
h

and defining a function

{(r)=1 on the disc
=0 elsewhere,
we expect

26,9 =\ Pur)do
to be large when the disc is correctly oriented. Apart
from constant factors, (0, ¢) is identical with

10, ) = hZIF(h)IZT(h)

where 7' is the Fourier transform of t, and |F|2 is
the Fourier transform of P. From the definition of ¢
it follows that
Ji1(2
1(6, p) = 3 |F(h)|22=R? 1 27RS)

h

27RS (1)

where R is the radius of the disc and § is the per-
pendicular distance of the reciprocal lattice point h
from the normal to the disc.

I(0, ) has a value at every point on the surface
of a sphere and is conveniently represented on a map
which is a projection of this surface. In practice the
most convenient projection was found to be the
Sanson—Flamsteed sinusoidal equal area projection
(Steers, 1949) which was chosen for its ease of con-
struction, its equal-area property, and because it
allows a linear interpolation procedure to be used
to locate the position of a peak between sampling
points, with reasonable accuracy.
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An EDSAC II program for the evaluation of I(0¢)
from equation (1) has been written and is described
in some detail elsewhere (Tollin, 1963). Several tricks
were used to reduce computing time, such as looking
up Ji(z)/z in a table constructed so that the value
of §2 is used to determine the entry in the table used.
This avoids calculation of Ji(x) and extracting a
square root, since it is most convenient to calculate
S2 from h and 6 and ¢. Four separate values of [F(h)[2
were packed in each register, and S2 was expressed
as a polynomial in the most frequently varying of
h, k and I, so that as the program moves from one
reciprocal lattice point to the next, the minimum
amount of computation is required to find the new
value of S2. The angle § was changed in steps of 2°,
and taking

Interval in ¢=180/6

gave a fairly uniform density of sampling points.
For crystals of monoclinic symmetry the range to be
covered is

0<6< 90°

0<¢<180°

and this is reduced for crystals of higher symmetry.

Tests of the program were made with the data for
naphthalene (Abrahams, Robertson & White, 1949).
It was found to be advantageous to ‘sharpen’ the
data so that the average value of |F|2 was approx-
imately constant in reciprocal space, and to take
R=5 A, approximately the maximum dimension of
the molecule. Fig. 1(@) shows the map obtained with
unsharpened |F|2 values and R=5 A; the largest peak
had its position in error by not more than 5° in each
coordinate. However, in Fig. 1(b) is shown the map
obtained by using sharpened |F|2 values and R=5 A
for the important range of 0; in this case the peak
maximum coincides with the position of the plane
normal to within less than 1°. From sharpened data
for the unknown structure of deoxyadenosine the
map shown in Fig. 2 was obtained with B=2-5 A.
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Fig. 1. Naphthalene. (a) I(fp) R=5 A unsharpened data.
(b) I(0g) for 6>70°, R=>5 A, sharpened data.

1323

The computing time was about 3 hours. The largest
peak which corresponds to the orientation of the
purine ring (as was subsequently verified) was in the
same position for R=5 A.

/0 I W B Oy - WV
9 200 40 60 80 100 120 140 160 180

Fig. 2. Deoxyadenosine. I(0¢p) calculated with sharpened
data and R=2-5 A.

The evaluation and inspection of I(0, @) is the first
stage of the procedure. The second stage is the evalua-
tion of a plane section of the Patterson function
through the origin in the orientation defined by the
largest peak of (0, ¢). (If this section could not be
interpreted, sections corresponding to other peaks
would be evaluated.) Interpretation of the section
consists in superposing on it the vector set of the
planar group of atoms, and rotating this until a good
fit is obtained. (If the molecular dimensions were
accurately known this step could be programmed so
that the plane section was not printed out; this could
lead to difficulties if the correct peak of I(0, ¢) was
not chosen initially.) This determines the angle .

In practice two unknown structures have so far
been determined by this method, ninhydrin (CeHeO4)
in which 11 atoms (other than hydrogen) lie in a plane
(Tollin, 1963), and the more difficult structure of
deoxyadenosine (C10H13N503.H20) in which 11 atoms
lie in a plane (Sutor, Tollin & Watson, 1964). In both
instances the space group is P2; and the procedure
adopted in the final stages was as follows. Let the
positions of the n atoms of the planar group, in the
correct orientation, with one of them taken as origin,
be r;=(2;y52;). The r; are therefore all known quan-
tities. The sum function

Sr(r) = 3 |#(h)|2{> cos 2zh.r; cos 2nh.r
h 7

+ X sin 2xh.rysin 2z7h. 1}
)

was evaluated and printed out. It was then inspected
for a group of = peaks having coordinates
(54 20, Y5+ %, 25+ 220) with identical values of (xo, zo),
which determines the position of the 2; axis. The
determination of the coordinates of the remaining
atoms was then made by the usual process of Fourier
refinement. Further details are given in the accounts
of the individual structures (Tollin, 1963 ; Sutor, Tollin
& Watson, 1964).
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3. Discussion

The procedure described above can be generalized
in several respects but it becomes questionable
whether in the general case it has any advantages
over the method of Nordman & Nakatsu. When the
known group of atoms is not planar, a function of
three variables, I(0, ¢, p), must be evaluated as the
first step. The function analogous to the one we have
used is

n

2 P(rj—ry)

5i'=1

where 1y, a function of (6, ¢, v), is the coordinate of
one atom of the group relative to an arbitrary origin.
This sum function can be expressed as a three-
dimensional Fourier series in the variables (6, ©, ).
The expression is however so cumbersome that it is
doubtful whether it could be evaluated more rapidly
as a Fourier series, which requires rapid access to
a table of about 103 numbers (the values of |F|2),
than could be done directly from a table of values of
the Patterson function, although this would require
rapid access to a table of about 105 numbers. For
computers with large fast-access stores it seems clear
that the latter method is more efficient, in which case
it is certainly better to record against each value of
(6, @, p) the minimum value of P(r;—r;-) rather than
the sum. An exception in favour of the sum function
might be made if the dimensions of the known group
were not accurately known.

A sum function might find more application at the
stage where the rigid group is to be located relative
to symmetry-related groups in the same unit cell,
since the locating function can be expressed as a
relatively simple Fourier series. A procedure analogous
to that which was used in the structure determinations
of ninhydrin and deoxyadenosine is as follows.

Let r; be the coordinate of one of the » atoms of
the (correctly oriented) group relative to an arbitrary
origin whose position in the unit cell is ro. Let 7'; be
the ith symmetry operation of the space group and
Z the number of equivalent positions. For example
for space group P2, Ti(xyz) = ayz, Ta(ayz) =
—2,¥+%, —2, and Z=2. The sum function obtained
by setting down the origin of the Patterson function
at each of » sites in each of the first Z—1 equivalent
positions is

PATTERSON FUNCTION INTERPRETATION

Z2-1 n

Sriz-1)(r) = 3 3 P(r—Ti(r;+10)) .

=1 j=1

This expression is now summed over the remaining
n points for which r=Tz(r; +1r0) to give a locating
function

n Z2-1 n
Qro) = 2 Z;P(Tz(rj'+r0)—-Ti(rj+l‘o))
i'=1i=1j=
n Z—1 n
=23 22> ]F(h)|2 exp [Qnih.{Ti(rj+ l'o)
h f’=1¢=1j=1
—Tz(rs 4+ 10)}] 2)

which is a Fourier series in the variable ro and should
have a peak at the correct value of ro. When ro has
its correct value, the value of Q(ro) is simply the
sum of the values of the Patterson function at positions
which correspond to vectors between atoms in different
groups. As an example, when the space group is P2,
equation (2) reduces to

Q(zo, 20) = X (= 1)f|F(hEL)2 X cos 27 (h(x;+ ;- + 2a0)
Rkl i

5hi'=1

+E(yi—yi') + Uz +2p + 220)) .
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